Abstract. Let f : R + → X be a bounded, strongly measurable function with values in a Banach space X, and let iE be the singular set of the Laplace transform f in iR. Suppose that E is countable and α
Introduction
Let T = {T (t) : t ≥ 0} be a C 0 -semigroup, with generator A, on a Banach space X. For x in X, the orbit f (t) := T (t)x has Laplace transform given by the resolvent f (λ) = R(λ, A)x for Re λ > ω, where ω is the growth bound of the semigroup. Thus Laplace transform theory often has implications for semigroup theory. On the other hand, one can sometimes apply semigroup results to translations on suitable function spaces to recover information about Laplace transforms.
In this situation, Tauberian theorems relating Abel, Cesàro and standard convergence of f produce results about the long-time asymptotic behaviour of orbits of semigroups. A simple example of this is a special case of a Tauberian theorem of Ingham [17] , for which Korevaar [20] has given an elegant proof by contour integration, and which immediately gives the result that if T is a bounded semigroup and σ(A) ∩ iR is empty, then T (t)A −1 → 0 as t → ∞. A more complicated version of this, initiated in [1] , provides an estimate which was exploited in [2] both to establish a more general Tauberian theorem and to show that if T is a bounded semigroup, σ(A) ∩ iR is countable and σ p (A * ) ∩ iR is empty, then T (t)x → 0 as t → ∞, for each x in X. In this case, the Tauberian theorem and the semigroup theorem, although derived from the same source, are independent results (see the survey articles [6] and [7] for accounts of developments of the two themes). The semigroup theorem was obtained independently by Lyubich and Vũ Quôc Phóng [23] , using a completely different functional-analytic method. For semigroups which are not uniformly bounded, a few results have been obtained [2] , [4] , [5] , [10] , [12] , showing that T (t)x → 0 for an individual vector x, assuming that the orbit is bounded and/or uniformly continuous, and also assuming global spectral conditions. In a different development using both complexanalytic and functional-analytic techniques, some complementary results have been obtained for bounded semigroups, where the spectral conditions apply on a densely embedded subspace [16] , [8] . Recently, we obtained a result for individual orbits of bounded semigroups, where the spectral condition is truly local as it applies only to that orbit [9] .
In this paper, we reverse the usual direction of flow between Tauberian theorems and asymptotic behaviour of semigroups, and we also unify the two strands described in the last paragraph. We establish that the results of [9] can be applied to translation semigroups, by showing that the singular set of f in iR coincides with the local unitary spectrum at f of the generator of the translation semigroup. We thereby obtain a new Tauberian theorem for bounded functions whose Laplace transforms have only countably many singularities on the imaginary axis (Theorem 4.3). The theorem is similar in format to [2, Theorem 4.1], but the conditions are somewhat different. The result is directly applicable to semigroups and it easily implies all the semigroup results mentioned above. In addition, it gives new results for bounded, uniformly continuous orbits of unbounded semigroups (or of ill-posed Cauchy problems), assuming only local spectral conditions (Section 5). Related results have been obtained in [4] , [12] , [25] , [29] .
In [9] , we also obtained local versions of several other related theorems concerning asymptotic behaviour of bounded semigroups. Our techniques enable us to give corresponding theorems for Laplace transforms (Theorems 4.1, 4.6 and 4.7). The Tauberian theorem for Laplace transforms also implies corresponding theorems for power series, and hence local stability results for single operators (Section 6).
A uniform bound
Throughout the paper, X will be a complex Banach space, R + will be the halfline [0, ∞), C + will be the half-plane {z ∈ C : Re z > 0}. For z in C and r > 0, we will put B(z, r) = {w ∈ C : |w − z| < r}.
Let f : R + → X be strongly measurable, and let f be the Laplace transform of f :
We assume that f (z) exists for all z in C + , so f is holomorphic in C + (usually, f will be bounded). A point λ = iη in iR is said to be a regular point for f if there is an open neighbourhood U of λ in C and a holomorphic function g :
The singular set iE of f is the set of all points of iR which are not regular points.
For s ≥ 0, we shall use the notation f s to denote the translate of f , so f s (t) = f(s + t) (t ∈ R + ).
Let f : R + → X be bounded and strongly measurable. The old result of Ingham [17, Theorem I] , or the special case proved in a simple way by Korevaar [20, p.113] , shows that, for each regular point iη of f in iR,
As we shall see in the first paragraph of the proof of Proposition 2.1, this is essentially the same as saying that sup s≥0 g s (iη) < ∞, where g s is a holomorphic extension of f s . We shall need to extend such uniform bounds into the left halfplane. We do this in the following proposition, using an old technique involving factors such as 1 + z 2 /r 2 , which has already been employed many times in this area [20] , [1] , [2] , [16] , [8] , [9] . Proposition 2.1. Let f : R + → X be bounded and strongly measurable, let E be the singular set of f and let g :
Thus we may take
as the holomorphic extension of f s . If Re λ > 0, then we may take r > 0 such that Re λ − 2r ≥ 0. For z in B(λ, r),
so we may take U = B(λ, r) and c = f ∞ /r. If λ ∈ V and Re λ < 0, then we may take r > 0 such that 2r + Re λ ≤ 0 and
where M = sup |z−λ|≤r g(z) . Thus we may take U = B(λ, r) and c
where
We may therefore take U = B(λ, r) and c = 4
3. The singular set and the local spectrum
In this section, we shall establish that the singular set of f in iR coincides with the local unitary spectrum at f of the generator of the translation semigroup on the space of bounded, uniformly continuous functions.
Let T = {T (t) : t ≥ 0} be a C 0 -semigroup on a Banach space X, with generator A and growth bound ω, and let x ∈ X. The local unitary spectrum, σ u (A, x), of A at x is defined to be the set of all points λ in iR such that there do not exist an open neighbourhood U of λ and a holomorphic function g :
is the singular set of f , where f(t) = T (t)x is a mild solution of the associated (well-posed) Cauchy problem. In Section 5, we shall return to this point in the more general context of ill-posed Cauchy problems. Let S = {S(t) : t ≥ 0} be the C 0 -semigroup of contractions on BU C(R + , X) defined by
Given f in BU C(R + , X), we shall show in Proposition 3.3 that the singular set of f in iR coincides with σ u (D, f ), where D is the generator of S. 
Now, s → e sz is bounded and uniformly continuous. Since
is uniformly continuous. Moreover, Proposition 2.1 shows that this map is bounded. Hence s → g s (z) is uniformly continuous.
Finally, suppose that Re z < 0 and z ∈ V . Then s → e sz g(z) is uniformly continuous, so it suffices to check that s →
For f in BU C(R + , X) with singular set iE, let g : V → X be a holomorphic extension of f to a connected open set V containing C + ∪ i(R \ E). Propositions 2.1 and 3.1 show that we may define G :
Proposition 3.2. Let f : R + → X be bounded and uniformly continuous, and let
Proof. Let λ ∈ V , and let r and c be as in Proposition 2.1. For λ ∈ B(λ, r),
By Morera's Theorem, G is holomorphic. 
Proof. Suppose that λ in iR is a regular point of R(·, D)f, and let G be a holomorphic extension of this function near
Thus g is a holomorphic extension of f , so λ is a regular point of f . Suppose that λ in iR is a regular point of f . Let g : V → X be a holomorphic extension of f near λ. By Proposition 3.2, there is a holomorphic function G : V → BU C(R + , X) such that, for Re z > 0 and s ≥ 0,
The following example shows that the local unitary spectrum at x of the generator of a (bounded) semigroup may be much smaller than the imaginary part of the spectrum of the generator restricted to any closed invariant subspace containing x. This contrasts with the situation for bounded C 0 -groups, where the local unitary spectrum (now defined by means of the resolvent on C \ iR instead of C + ) coincides with the spectrum of the generator on a subspace [29, Propositions 3.4, 3.5] .
Example 3.4. Let X = C. There is a function f in C 0 (R + ) such that the linear span of {f t : t ≥ 0} is dense in C 0 (R + ), but f (z) extends to a holomorphic function for Re z > −1. By Proposition 3.3, σ u (D, f ) is empty, but the spectrum of the generator of the translation semigroup S on the closed linear span of the orbit of f under S is the closed left half-plane.
, and let
with f (t) = 0 for all remaining t ≥ 0. Then
This series converges locally uniformly to a holomorphic function on C, and the closed linear span of the translates of f contains each f (k) .
The Tauberian theorems
We are now in position to give the Tauberian theorems, starting with the case of bounded, uniformly continuous functions.
Recall that a bounded, uniformly continuous function h : R → X is said to be almost periodic if h can be approximated uniformly by linear combinations of functions of the form t → e iat x (a ∈ R, x ∈ X). A function f : R + → X is said to be asymptotically almost periodic if there is an almost periodic function h : Remark. In Theorem 4.1, it suffices that the limits in (*) exist uniformly for s in some subset Q of R + , where Q has the property that there is a constant d such that each point of R + is within distance d of Q (for example, Q = Z + ). This follows from the formula
Now we give an example which shows (in the case β = 0) that the assumption of uniform convergence in s cannot be omitted from Theorem 4.1, and which also exhibits (in the case 0 < β < 1/2) the difference between
This function has a holomorphic extension to C \ (−∞, 0], so the singular set of f is {0}.
In the case β = 0, In the case 0 ≤ β < 1/2, 
Theorem 4.3. Let f : R + → X be a bounded measurable function, and suppose that the singular set iE of f in iR is countable. Suppose also that, for each η in E,
where f is considered to be extended holomorphically near iµ.
Proof. Replacing f (t) by e −iµt f (t), we may first assume that µ = 0. Then replacing f (t) by f(t) − e −t f(0), we may assume that f (0) = 0. Let
Then g is uniformly continuous, since f is bounded, and g is bounded, by Proposition 2.1. For Re z > 0, g(z) = f(z)/z, whose singularity at z = 0 is removable, so g has singular set iE. Moreover,
uniformly in s, since g is bounded and (*) holds. We may therefore apply Theorem 4.1 to g, and deduce that g(t) → 0 as t → ∞.
Remarks. 
Corollary 4.4. Let f : R + → X be uniformly continuous, and suppose that the singular set iE of f in iR is countable. Suppose also that, for each η in E,

g(t) = f(t + δ) − f(t).
Then g is bounded and uniformly continuous. For Re z > 0,
Thus the singular set of g is contained in iE. For η in E,
uniformly in s. If 0 / ∈ E, then Theorem 4.3 can be applied with µ = 0, giving
Since this holds for all δ > 0 and since f is uniformly continuous, it follows that f (t) → 0, if 0 / ∈ E. Now, suppose that 0 ∈ E. By hypothesis, there exists α > 0 such that α f s (α) < 1 for all s ≥ 0. By uniform continuity, there exists κ such that f (s + t) − f (s) < κ(1 + t) for all s ≥ 0 and t ≥ 0. Now
Thus f is bounded, so the result follows from Theorem 4.1.
Corollary 4.5. Let f : R + → X be bounded and uniformly continuous, and suppose that the singular set of f is contained in 2πω
Proof. Let g(t) = f(t+ω)−f(t).
For s ≥ 0, n ∈ Z, and α > 0, a calculation similar to Corollary 4.4 shows that
as α 0, uniformly in s. Thus the result follows from Corollary 4.4.
To conclude this section, we apply other results from [9] to the classical situation of Laplace transforms.
Theorem 4.6. Let f : R + → X be bounded and uniformly continuous, and suppose that the singular set of f in iR is countable. Let Y be the closed linear span of
Proof. This follows from Proposition 3.3, [9, Theorem 7.4] and the observation that the local spectrum of D at f is unchanged by restriction to Y (see the remark after Theorem 2.2 of [9] ).
Recall that a function g in L 1 (R) is said to be of spectral synthesis with respect to a closed subset E of R if there is a sequence (g n ) in L 1 (R) such that g n − g 1 → 0 and, for each n, the Fourier transform g n vanishes on some neighbourhood of E in R. For g in L 1 (R + ), we consider g to be extended to R by putting g(s) = 0 for s < 0, so it is meaningful to talk of g being of spectral synthesis.
The next result is a local version of [14, Théorème II.7] .
Theorem 4.7. Let f : R + → X be bounded and strongly measurable, and let iE be the singular set of f in iR. Let g ∈ L 1 (R + ) and suppose that g is of spectral synthesis with respect to −E. Then
Proof. If f is bounded and uniformly continuous, this result follows from Proposition 3.3 and [9, Theorem 5.1]. We shall use this special case to obtain the general result.
Suppose that f is bounded and strongly measurable. Let
TAUBERIAN THEOREMS AND STABILITY 2097
Then f n is bounded and uniformly continuous. For Re z > 0,
Thus the singular set of f n is contained in iE. It follows from the first paragraph that
where we make the convention that g(s) = 0 if s < 0. It follows that
Corollary 4.8. Let f : R + → X be bounded and strongly measurable, and let iE be the singular set of f in iR. Let g : R + → C be measurable, and suppose that
Proof. This follows from Theorem 4.7 and the fact that g is of spectral synthesis with respect to −E [24, Theorem 11.1].
The Cauchy problem
Consider an abstract inhomogeneous Cauchy problem
We assume throughout this section that A is a closed linear operator on a Banach space X, λI − A is injective for all sufficiently large real λ, x ∈ X and f ∈ BU C(R + , X). We seek to obtain information about u from assumptions about A and f . Similar problems have been considered in [4] , [12] (homogeneous problems) and [25] (problems on R).
A mild solution of (ICP) is a continuous function u : 
Suppose that there is a holomorphic function
Since these integrals are absolutely convergent and A is closed, v(z) ∈ D(A) and
(2). For Re z > 0,
For all sufficiently large real λ, λI − A is injective, so g(λ) = u(λ). It follows by analytic continuation that g(z) = u(z) whenever Re z > 0.
Corollary 5.2. Let u be a bounded, uniformly continuous, mild solution of (ICP). The singular set of u in iR is the set of all points λ in iR such that there is no holomorphic function
Theorem 4.1 now has the following formulation for solutions of (ICP). Other sufficient conditions for the solutions to be asymptotically almost periodic have been given in [4] . In the case of solutions defined on the whole line R, a sharper result has been given in [25, Theorem 4.3] .
Theorem 5.3. Let u be a bounded, uniformly continuous, mild solution of (ICP).
Suppose that there is a subset E of R such that When the conditions of Theorem 5.3 are satisfied, u = u 1 + u 2 , where u 1 (t) → 0, u 2 extends to an almost periodic function on R, and u 1 and u 2 belong to the closed linear span of the translates of u.
E is countable,
there is an open set
In the homogeneous case when f = 0, u 1 and u 2 are mild solutions of the homogeneous Cauchy problem and u 2 can be approximated uniformly by linear combinations of functions of the form t → e iµt y where µ ∈ R, y ∈ D(A) and Ay = iµy. In this case, the following result shows that condition (2) Proof. Let Z 0 be the Hille-Yosida space [18] , [21] , consisting of all those y in X for which there is a bounded, uniformly continuous For Re z > 0, u(z) = R(z, A 0 )x. Hence any singular point λ = iη is in the topological boundary of σ(A 0 ), and hence in the approximate point spectrum of A 0 . Thus there is a sequence (x n ) in D(A 0 ) such that x n Z0 = 1 and A 0 x n −λx n Z0 → 0. There exist t n ≥ 0 such that T 0 (t n )x n ≥ 1/2. If we put y n = T 0 (t n )x n , then y n ≥ 1/2, y n ∈ D(A) and
Thus λ is an approximate eigenvalue of A.
Now, suppose that the homogeneous Cauchy problem is well-posed, so that A generates a C 0 -semigroup T = {T (t) : t ≥ 0} on X. Then the assumptions of this section are satisfied, and mild solutions of the Cauchy problem are of the form u(t, x) = T (t)x. For a bounded mild solution u(t, x), the singular set of u is the local unitary spectrum σ u (A, x). Thus Theorem 5.3 extends [9, Theorem 6.1] and [9, Theorem 3.4] from orbits of bounded semigroups to bounded, uniformly continuous orbits of general semigroups, and Theorem 4.7 permits [9, Theorem 5.1] to be extended in the same way. We can also extend part of [9, Theorem 7.2], as follows.
Theorem 5.5. Let T be a trivially asymptotically stable C 0 -semigroup on X with generator A (so that lim sup t→∞ T (t)y > 0 for all non-zero y in X). Let x ∈ X, and u(t) = T (t)x. Suppose that u is bounded and uniformly continuous, and that σ u (A, x) is countable. Then T has a complete bounded orbit through x, that is, there is a bounded family {x t ; t ∈ R} in X such that x 0 = x and T (s)x t = x s+t (t ∈ R, s ∈ R + ).
Proof. Consider the shift semigroup S restricted to the closed subspace Y of BU C(R + , X) generated by {u t : t ≥ 0}. This subspace consists of orbits of T, so the shift semigroup is trivially asymptotically stable. By Proposition 3.3 and [9, Theorem 7.2], S has a complete isometric orbit {v t : t ∈ R} through u in Y . Putting x t = v t (0) produces the required complete bounded orbit in X.
Examples of unbounded semigroups where results of this type are applicable can be constructed in a similar way to Example 3.4, but working in weighted spaces such as X = {f ∈ C 0 (R + ) : f(t) /(1 + t) → 0 as t → ∞} .
The discrete case
In this section, we adapt our results to the case of power series. As in [5, Section 5], we deduce them from those about Laplace transforms by introducing an auxiliary function f . In the present context, we need to arrange that f is both bounded and uniformly continuous.
Suppose that (a n ) n≥0 is a sequence in X such that lim sup n→∞ a n 1/n ≤ 1. Let h(z) be the power series h(z) = ∞ n=0 a n z n (|z| < 1).
Let E be the singular set of h in the unit circle Γ. For m ≥ 0, let
a n+m z n = h(z) − m−1 n=0 a n z n z m (0 < |z| < 1).
Define f : R + → X by f (t) = (n + 1 − t)a n + (t − n)a n+1 (n ≤ t < n + 1; n ≥ 0).
Proof. Let
g(t) = b n (n ≤ t < n + 1; n ≥ 0).
Then g ∈ L 1 (R + ) and g is of spectral synthesis with respect to {η ∈ R : e −iη ∈ E} = −E . By Theorem 4. Now, let T be a bounded linear operator on X, let x ∈ X, and suppose that sup n T n x < ∞. In the context above, we may put a n = T n x. Then
for 0 < |z| < T −1 . The local unitary spectrum σ u (T, x) is the set of points λ in Γ such that there do not exist an open neighbourhood U of {z ∈ C : |z| > 1} ∪ {λ} and a holomorphic function g : U → X with (zI − T )g(z) = x for all z ∈ U . Thus the singular set of h in Γ is the conjugate of σ u (T, x). (Note that for an operator with spectral radius greater than 1, σ u (T, x) may be strictly larger than the unitary part of the local spectrum in the usual sense of operator theory (see [13, XV.2.6] ).) We therefore obtain the following from Theorem 6.2. 
